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`(x(s),u(s)) ds + φ(x(T )) S ÈDT
&«Sh0| v~eh§t~hvªvx|xwhDv~|x}hDt
(x(·),u(·)) t~v~}twª·rs}y
ẋ(s) = f(x(s),u(s)), x(s) ∈ X, u(s) ∈ U , S È0µUT
ª·S|
0 ≤ s ≤ T y
x(0) = x . S ÈD4T
ÓÓ(Û3Vì,îíXW
   13 3 	 
 4"3




n ½5vxeht~hv:ª "3 " 33 + U }t=Wt~zµt~hv:ª Rm ½vxeh " %"3
T > 0
yvxeh U 1  " $3 1"3
x ∈ X |~h
S}©«Sh0yK½b¸¼h*St~t~zgih
vxe&vvxeh*g# u(·)}t*gih]t~z|xµh½5yVvxe&vv~ehg#
x(·) }t=µt~zuv~hD©r<SySvx}©yszSztD¶ ¦ htÄ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` : X ×U → R ½uy³v~eh$33   f : X ×U → Rn ½u|xht~z! ³}h0yZvx©r³|xh0Sz|.g#tD½yvxe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) = 0, (x, t) ∈ X × (0, T ] , S T
¸}©v~e}y}©v~})0yu}©v~}y)Á
v(x, 0) = φ(x), x ∈ X , S &µUT
¸eh0|xh
H(x, p) = supu∈U `(x, u) + p · f(x, u)
}t#v~eh)(   "3U13^ª§v~eh |xµh0g S t~h0hIª·S|}ytvxyh+* ÂK}SSu½Æ5p½-,.|x/.T¶
pshD«hD|xv~h]ey}ZzhDtNeQ«hµBh0hDy|xBSt~hD=}y³vxeha}±v~v~hD|xv~z|xhv~=tS©«Shv~e}t¼|xµh0g¶ ¦ hmgih0yu¨
vx}©Sy#ª·| hg=©ha¯y}©v~h
u}©»BhD|~hDyh¾t~ehDgihDt yivxeh¾g=h0v~euªKvxehm«&y}t~e}y:«s}t~0St~}±vwr0* P Â)$. ½
vxeh§yZv~}©¨E}±»´zt~}©«Sh¾txeh0gih]t°ª·S|.Su«h],vx}©Sy1* ,2´Z.E½Svxeh¾¯y}©v~h§h0h0gihDySvt.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s6.E½7* Æ5Æ5$. ½* Æ6¬§/.E½7* P Æ6Æ5$.E½v~eh<lW|x®&«
eb}y |xQu}©g#&vx}©Syt8* , ¾$. ¶ Ãavxeh0|<t~ehDgihDtIeQ«Sh4µbhDh0y Sµuvx}©yhD µsr }yZv~hD|&v~}y ª·|xg
vxeh`h]t~t~h0yZv~}r ySyStx}©&vx|xr S Ç¼j¾Ã TWtxehDg=h]tIª·S|Iv~eh^esrZBh0|xµB}40yt~h0|x«&&v~}y Q¸t S t~h0hª·S|
}©ybtwvy0h0* Ã§puÈ9.T¶³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Q«hiµbhDh0yV|xBSt~hDWv~Wt~«h¯|xtv¨E|uhD|







a ⊕ b = max(a, b) y<vxeh³g:z±vx}©}0&vx}©Sy a ⊗ b = a + b ¶¿­yVv~eht~hDZzh0 ½6©h0v St uhDyvxh#v~eh	3"3 M 1"3 +
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 φ v~ehª·zy,vx}©Sy
vt := v(·, t) ½¸eh0|xh v }tivxehI«&zhª·zyv~}y ª¾v~ehWuvx}©g#aSySvx|~S|xµh0g S ÈCT,¶lÄt~©&«?* lW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Sµt~h0|x«hD4v~ev#v~ehIt~h0gi}©S|~Sz
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St(f ⊕ g) = Stf ⊕ Stg ,
St(λf) = λStf ,
¸eh0|xh
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&vx}©Sy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〈vth | zj〉 ≤ 〈Sδvt−δh | zj〉 ∀1 ≤ j ≤ q , S KT
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yvxhDtvaª·zyv~}ytm}yzuh=Szbu|&vx}§ª·zy,vx}©Syt S 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ylW0Ç°yhDyh0r * Æ5lWS.!T.yy|xg=¨ }®hmª·zy,vx}©SytD½thDh*pshDv~}yWs¶




¶¿­y tSg=h*t~BhD}60Sth]t0½ 〈z | Sδw〉 0yIµbh0gizuvxhD4yrZv~}0r¶¿­y`hDyh0| ½)¸ h³yhDhDVvxÄ|~Qu}g#&v~h=vxe}t=tx0|
|~uuzvD¶WÅah0|xh³¸¼h
0yt~}uh0|vxeh:|xQs}g#&vx}©Sy
Sδw(x) = w(x) + δH(x,∇w(x)) ½´ª·S| x ∈ X ½¸e}eI}tmt#zbth]}y * lWÅaS.E¶ Ãmz|*g#}y4|~h]tz±v]½5d.eh0|xh0g s½5|x&«s}hDt§ª·S|*v~eh|xhDt~z±vx}©yWu}tx|xhvx}©²]&vx}©Sy<ªv~eh
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t ∈ [0, T ] ¶¹d.e}ti}t#0gi|µ©h¸}±vxe v~ehS|xh0|µvx}yh]}yv~eh*t}gi©h]twv¾u}0|~h0v~h*ursygi}§|xS|xgig=}y=gihv~esK½Bt~h0h * P a¿w.E½;* ÆZ. ½
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¿­y:v~e}t5th],vx}©Sy:¸ h¼|xhDDZt~gih¼0St~t~}0Z|xhDt~}uzb&v~}y:|~h]tz©vxt S thDhNª·S|h0ugi©h:* mÐZÂHP./. ½!* , }©|Z. ½* ,.Ðs6. ½* , PÃCB¾S6.!T,½Qymv~eh0}|©}0v~}ymv~}yhD|1git1Sy¾}uhDg=Bvxh0yZvt~h0gi}g=uuz©h]t S t~h0h* Â)lÄpÈ½P.¬7B¾/.T¶ ¦ ht~m|xh0«s}h0¸ t~gih.|xhDt~z±vt6ª * P.¬7B¾Ss½KP.¬7B¾/.b0y0h0|xy}ym|~whD,vx|t)&«Sh0|5thDgi}±¨
giuuzhDtD¶¼Ãav~eh0||xhDt~z±vt.y|xwhDv~S|xt¼&«hD|.t~h0gi}gisz©h]tbh]|xhD³}y8* ¬¾Sy½b¬§lWÈ#. ¶
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(S,≤) yb (T,≤) |~h S |~v~}©r#T S|xuhD|~h]t~hvt0½¸¼h*txQr#v~eb&vmig# f : S → T }t"3"3"3}©ª
s ≤ s′ =⇒ f(s) ≤ f(s′) ¶ ¦ h=txQrv~ev f }t5X  1$3   $}©ª°v~ehD|~h=hu}twvtmg# f ] : T → St~zev~ev




t ∈ T ½ {s ∈ S | f(s) ≤ t} eStmg#&u}©gzghD©hDgih0yZv}©y
S
¶°d.ehDyK½
f ](t) = max{s ∈ S | f(s) ≤ t}, ∀t ∈ T .
lW|xh0&«hD|D½Z}yvxe&vaDt~h½u¸ h¾ebQ«h









S S | T T}tah]Sz}©BhDÄ¸}±vxe yI}uhDgibv~h0yZvgiSy}Q¸ ⊕ S 1$+ "3+U6gih]ytv~ev a ⊕ a = a T¶ad.eh0yWv~eh 3 !   "$ $J	y S }t¾uh¯yhDµsr
a ≤ b ⇐⇒ a⊕ b = b ¶5d.eh§t~z|xh0gzgºQ¸ ª·|.vxeh§y&vxz|1|uhD|D½Z¸e}e}tuh0yv~h]µsr ∨ ½0}y}uh]t¼¸}©v~e ⊕ y³vxeh§}©y¯g:zgQ¸ ª·S|.v~eh§yv~z|´S|xuhD|D½Z¸ehDy}©vhu}tvxtD½u¸}©1µBh§h0yv~hDµsr ∧ ¶ ¦ h=txQrv~ev S }t+ "3 
 §Stmyv~z|©rS|xuhD|~h]Ith0v¾}©ª¼yZrIt~zµt~hv§ª S et¾³hDStwvzbhD|µbSzyª·|.vxeh
yv~z|1S|xuhD|D¶
¿Eª K }t:y4}uh0giBv~hDyZvthDgi}©|x}©y½)} ¶ h¶ IthDg=}|x}©yI¸eSt~h³u}©v~}yV}t*}uh0giBvxh0yZvD½5¸ h³t~Qrvxe&v¾v~ehit~h0gi}|~}y K }t  "3 
¾}±ª }±v§}t§0gihv~hit§y&vxz|©r|uhD|~h]Ith0vD½KybW}©ªNv~ehhªÕvy |~}eZv§g:z©v~}}D&v~}ybt0Á K → K ½ x 7→ ax yb x 7→ xa ½|xhi|~h]t}uzv~h]1¶=Åah0|xh#y }©y<vxeht~hDZzhDÀ½t~h0gi}|~}yig:z±vx}©}0&vx}©Sy}t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&vx}©SyK¶
d.ehIg#Z¨Ezt#t~h0gi}©|x}y½
Rmax



















+∞ y −∞ }y#vxehh¯y}©v~}yª
Rmax
¶
pshDgi}©giuuzhDt &«hD|WthDg=}|x}©yZtÄ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 S |~}eZv T
K ¨­thDgi}©giuuzh X }t  "3 
°}©ªK}±v }t¼Sg=©h0v~haStNy#}uhDg=Bvxh0yZv¼giSy}1½Syi}©ªw½Sª·S|N u ∈ Xy
λ ∈ K ½1vxeh#|x}©SeSv
ybÄhªÕv*gz±vx}©©}0v~}ytD½ RXλ : X → X
½
v 7→ vλ y LXu : K → X ½
µ 7→ uµ ½s|~hm|~h]t}uzv~h] S ª·S|¼vxeh¾y&vxz|x´|uh0| T,¶6¿­ygihvxh¾t~h0gi}gisz©h X ½u¸ h¾h¯yhS½Zª·|©
u, v ∈ X ½
u\v def= (LXu )](v) = max{λ ∈ K | uλ ≤ v} .¦ h³teb/zth 







Sgi©h0v~hi}uh0giB¨vxh0yZv¾t~h0gi}|~}yb½vxeht~hv¾ª/ª·zyv~}yt KX }t¾³Sgi©h0v~h K ¨­t~h0gi}©giuuzh*ª·S|avxeh0giByhDySvw¸}t~hSu}©v~}y
(u, v) 7→ u ⊕ v S uh0¯yh] µsr (u ⊕ v)(x) = u(x) ⊕ v(x) T,½y`vxehWSgibSyh0yZvw¸}thgz©v~}©}0v~}y
(λ, u) 7→ uλ S uh0¯yh]µsr (uλ)(x) = u(x)λ T,¶¿Eª K }ty}uhDgibv~h0yZvmt~h0gi}|~}yb½y}©ª X y Y |xh K ¨Et~h0gi}gisz©h]t0½¸¼h*txQr#v~eb&vmig#
A : X → Y }t  $,½bS|}tm  X$ "X	 3",½´}©ª6ª·S|m© u, v ∈ X y λ, µ ∈ K ½ A(uλ ⊕ vµ) =
A(u)λ⊕A(v)µ ¶°d.eh0yK½Zt5}y#txt}0h0µ|x½&¸¼h.zt~h.v~ehyvxv~}y Au }ytv~h]=ª A(u) ¶ ¦ ehDy
A
}t.|~h]t}uzv~h]yb
v ∈ Y ½¸¼h¾zt~hmvxeh
yvx&vx}©Sy A\v | A]v }ytv~hDSª A](v) ¶ ¦ h
uh0yv~h§µsr
L(X ,Y) v~eh
t~hv.ª6©}yhD|.Bh0|&v~S|xt°ª·|~Sg X vx Y ¶/¿Eª K }t.0gihvxh¾}uhDg=Bvxh0yZvthDgi}©|x}©y½Z}±ª
X ½ Y ½ Z |xh*gihvxh K ¨Et~h0gi}g=uuz©h]t0½By}©ª A ∈ L(X ,Y) }t|xhDt~}z&vxhD1½uvxeh0y L(X ,Y) yb
L(X ,Z) |~hgihvxh K ¨Et~h0gi}gisz©h]t§yvxeh:g# LA : L(X ,Y) → L(X ,Z) ½ B 7→ A ◦ B ½}t.|xhDt~}uzb&v~h]y¸¼h*t~hv
A\C := (LA)](C)
½ª·|©




|~hvw¸ Vt~hvt0½ K }t³Vgihvxh}uhDgibv~h0yZvt~h0gi}|~}y½ y a ∈ KX×Y ½ ¸¼h0ytv~|xzv6vxeh}©yh]|5Bh0|&vx|
A
ª·|xg KY vx KX ¸e}eitxt~s0}v~h]t)vx
ysr u ∈ KY v~eh ª·zyb,v~}y














   13 3 	 
 4"3
¿­y|vx}0z|]½Z¸eh0y K = Rmax ½¸ h§eQ«h
(A\v)(y) = inf
x∈X




 $ " #	   "$ KX → KY ½.¸e}e }t³St~t~u}&v~h]`vx<v~ehW®Sh0|xyh0
A∗(y, x) = A(x, y)
¶ S ¿­y S  T,½¸¼h§zt~h§v~eh*0ys«hDyZv~}y³vxe&v +∞ }tµt~|xµ}yª·|u}±vx}©SyK¶ T
	
 	  ,$   ,)   $%&%.(
Â)hv K µbhWVSgi©h0v~h}uh0giBv~hDyZvthDgi}©|x}©y<y V h0yv~hW  "3 
    

 "%$3Miª¾0gihvxhthDg=}giuuzh X ½} ¶ h¶S
t~zµt~hv°ª X vxe&v°}tNtvxµhµZr=|xµ}©v~||xr*tzbt°yiµsr:v~ehaS,vx}©Syª6tx0|xtD¶ ¦ h*0©  "3U 3M' "
 
 "$.y V v~eh
g#




	   C&+3  =ª¼gihvxh=t~zµt~h0gi}gisz©h V ½1¸e}e gihDybtvxe&v*ysrhD©hDgih0yZv
v ∈ V Dyµbh




S thDh¾ª·|}ytwvy0h * P.¬7B¾/.T¶°¿Eª B : U → X }ti|xhDt~}uzb&v~h]}yhD| SbhD|xv~S|D½Zv~eh0y¸eh0y U y
X |~h*0gihvxh*thDg=}giuuzhDt&«Sh0| K ½vxeh*}gih imB ª B }tm#gihvxh*tzµthDgi}©giuuzh*ª
X ½y
PimB = B ◦B] . S T
d.ehgis¨ zt5¯by}±vxhahD©hDg=hDyZv°g=h0v~eutN|~hD©}hDt°y=v~ehayvx}©Sy#ª´|~whDv~}yiy#yi}g#hS½|x©h0




:< ÊsÎ ¢ Ê 
 '	 / ¢ Î7]Ê ¤¡4, Î * Î * £ * , 
`£ G Ê 56£¢Q£   Ê ¡ Î £  Ê ¢ * Ê 
  
 U  X 3$ Y   "  + 
+ "%$3M  "$C	 K   
 B : U → X 3$ C : X → Y    "  + 1$ 3 $   " #	   "$  "$C	 K   + ΠCB = B ◦ (C ◦B)] ◦C   #$C ΠCB = ΠB ◦ΠC  #	  ΠB = B ◦B] $
ΠC = C] ◦ C  "$  "3#  ΠCB   ' "
 
 "$   3U  !#3 (ΠCB)2 = ΠCB 3$%&+"$ 3
x ∈ X 
ΠCB(x) = max{y ∈ imB | Cy ≤ Cx} .








B ◦ (C ◦B)] ◦ C
)












y S JT½¸ h§hDuz0hÁ
ΠCB(x) = PimB ◦ C] ◦ C(x)
= max{y ∈ imB | y ≤ C] ◦ C(x)}
= max{y ∈ imB | Cy ≤ Cx} .
d.ehI|xhDt~z©vxt#ª%* P.¬7B¾.¾e|v~h0|x}²0hv~ehWh0u}tv~hDyhIyb^zy}ZzhDyhDtxtD½Nª·S|
x ∈ X ½¼ª
y ∈ imB t~zev~ev Cy = Cx ¶/¿­yv~eva0t~h½ y = ΠCB(x)
¶
¦ ehDy K = Rmax ½ y C : RXmax → RYmax }ti ®h0|xyhD¼SbhD|xv~|]½ ΠC = C] ◦ C et=y}yZv~hD|~|xhv&vx}©Syt~}©gi}|.v~ S KT,Á
ΠC(v) = C] ◦ C(v) = −PimC∗(−v) = P−imC
∗
(v) ,









(v) = min{w ∈ −imC∗ | w ≥ v} ,
¸eh0|xh ≤ uh0yv~h]t:eh0|xh³v~ehzt~z¼S|xuhD|*y RX ¶ ¦ ehDy B : RUmax → RXmax
}tt~ÄW®Sh0|xyh0
SbhD|xv~S|D½s¸ h¾ebQ«h






B5  Ê .  ¦ hvx®h

















(x− x̂i)2 + λi},
ª·|




{−a|x− ŷi| + f(x)},
ª·|









x 7→ − c2 (x− x̂i)2
½ª·|




{a|x− ŷi| + µi},
ª·|©
µ ∈ RYmax ,
y v~ehI}g#hª
C]
½.¸e}e S}©y0}hDti¸}©v~e −imC∗ ½¼}tiv~ehWthDg=}giuuzhIh0yh0|&v~h] }y v~ehgi}yu¨E©zbtthDyth
µsr#vxeh§ª·zyv~}yt
x 7→ a|x− ŷi|
½uª·S|
i = 1, · · · , q ¶¿­y`¯z|xhWÈ S T½/¸¼h|~hD|xhDt~h0yZvª·zyb,v~}y v y4}©vxt=|xwh],v~}y P−imC∗(v) S }©y`µBT¶ ¿­y ¯¨z|~hiÈ S µUT,½¸¼h§|xh0|xhDt~h0yZv S }yµBT¼vxeh
|xwhDv~}y PimB(P−imC∗(v)) = ΠCB(v) ¶
ÓÓ(Û3Vì,îíXW
È]   13 3 	 
 4"3















	  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 , % (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= St ◦ St′ ½uª·S| t, t′ > 0 ½u¸ h¾Shv]Á













t ≥ 0 ½ vt ∈ W ¶ ¦ hesZth³
 ~uz :t~h0gi}g=uuz©h Z ª  ­vxhDtvmª·zy,vx}©Syt*ª·|xg X vx Rmax ¶§hD0©v~eb&v¾v~eh=g#&s¨ ©zt	 3$' "%$3
K}th¯yh]µZr
〈u | v〉 = sup
x∈X
u(x) + v(x) ,
ª·S|´ª·zyv~}yt
u, v : X → Rmax
¶ ¦ h
|~hDSh S È]T¼µsrBÁ
〈z | vt+δ〉 = 〈z | Sδvt〉, ∀z ∈ Z , S ÈSÈ%T
ª·S|
t = 0, δ, . . . , T − δ ½5¸}©v~e vδ , . . . , vT ∈ W ¶WÇ¼Szb&v~}y S ÈSÈ4T*Dy4µBht~h0h0y`St
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¶ ¦ ht§Syt}uhD|5¾t~h0gi}©giuuzh Zh ⊂ Z ¸}©v~e=hDyh0|&vx}©yaª g=}r {zj}1≤j≤q ¶d.ehmª·zy,vx}©Syt
z1, · · · , zq
¸})vSt v~h]twvª·zyb,v~}ybt0¶ ¦ h
|~hDh S ÈÈ4T µsr
〈z | vt+δh 〉 = 〈z | Sδvth〉, ∀z ∈ Zh , S È]JTª·S|





¶Nps}y0h Zh }t.Sh0yhD|xv~h]µsr z1, . . . , zq ½ S È] T }th]Sz}©«&h0yZv.v~
〈zj | vt+δh 〉 = 〈zj | Sδvth〉, ∀1 ≤ j ≤ q , S ÈDTª·S|
t = 0, δ, · · · , T − δ ½¸}©v~e vth ∈ Wh
½
































(Z∗hv)j = 〈zj | v〉
ª·S|N
v ∈ W y j = 1, . . . , q ¶  rs}©y*d.eh0|xh0g È.vx B = Why
C = Z∗h
yyvx}©yvxe&v Wh = imWh ½¸ h§hv]ÁA Î ¢ Î  £u¢ Ë -    4	J3 
"3 M 1"3
vt+δh ∈ Wh















/ ¢ Î 5 Î  4, ¡4, Î * @   

vth ∈ Wh
  !# 4	J3
"3 M 1"3 " & S ÈDKT  &+" t = 0, δ, . . . , T   #
-&+"	3#9
t = 0, δ, . . . , T
 #X X	     
	 
λt ∈ Rpmax




t = 0, δ, · · · , T  MX) 38X $J
#   $ X 
!  =C
 &  " 
λt+δ = (Z∗hWh)\(Z∗hSδWhλt) , S ÈQKT
&+"$
t = 0, · · · , T − δ  U 1   "3$3 1"3 
λ0 = Wh\φ . S ÈQ&µUT
ÓÓ(Û3Vì,îíXW
ÈQ   13 3 	 
 4"3
 "4" &  pu}©y0h vth ∈ Wh ½ vth = Whλt ª·S|¾t~gih λt ∈ Rpmax ybIv~ehg#&u}g# λt tx&vx}tª·rs}©y³v~e}t0y}±vx}©Sy}t




t = 0, δ, . . . , T
¶.ps}yh
v0h
}tvxeh*g#&u}gi)t~zuv~}yª S È0SµUT,½vxeh0yÄµZr S Ty S JT½ v0h = PWh(φ) = Wh ◦W ]h(φ) ½´ehDyh λ0 = W ]h ◦Wh ◦W ]h(φ) = W ]h(φ) ¶Â)hv
t = δ, . . . , T









= W ]h ◦Wh ◦W
]
h ◦ (Z∗h)] ◦ Z∗h ◦ Sδ(Whλt)





¸e}ers}©hDt S È] T¶
Æ|
1 ≤ i ≤ p y 1 ≤ j ≤ q ½¸ h
uh¯yhÁ
(Mh)ji = 〈zj | wi〉 S ÈDT
(Kh)ji = 〈zj | Sδwi〉 S ÈQ T
= 〈(S∗)δzj | wi〉 , S ÈDT
¸eh0|xh
S∗
















Ç¼Szb&v~}y S ÈQJT g#Qr³µBh


















tvxv~ht~0h.ªBv~ehZgih}t6vxeh¯y}±vxhth0v {1, · · · , p} S vx*hDSe:¯y}±vxhh0h0gih0yZvNS|~|xhDt~Byt/§tvxv~hªNvxehiSgihCT,¶id)hDSeWvxhDtv¾ª·zy,vx}©SyV0|x|~h]tBybtaSyhibZt~t~}µ©hiv~}y
j ∈ {1, · · · , q} ªNvxeh¯b|xtv¼QrhD|D½syb#v~=hDSe#¯y}©v~h¾h0h0gihDySvS|~|xhDt~BytNyh¾BStxt}µhmv~}y
k ∈ {1, · · · , p} ªKvxeht~hD0yWQrSh0|]¶*¬¾}©«Sh0yIvxehDt~h=S,vx}©Syt§&vavxeh#twv&vxh
i ∈ {1, · · · , p} ½´v~eh=0StvmªNv~eh=¯|twv§QrhD|D½¸e}e}tv~eh





`£u¢  9 ps}©ybh
























 G Î ¢3, ¡ < 
 ' ¿wuhD1g#&s¨ ©zt ¯by}±vxh
h0h0gih0yZvgihvxeu




ý  P¼gizuvxh§v~eh§g#&vx|~}© Mh µsr S ÈDT.yv~eh
giv~|x}± Kh µsr S È& T S| µsr S È]JT,½ï  P¼gizuvxh λ0 = Wh\φ y v0h = Whλ0 ¶W  Æ| t = δ, 2δ, . . . , T ½Sgizuv~h λt = Mh\(Khλt−δ) yb vth = Whλt ¶










}y S ÈDT.y S ÈQ T | S È]JT,¶P¼Sgizuv~}y
Mh
ª·|xg S ÈDJT)}ty*uvx}©gi}²Dv~}y*|xµ©hDg½&¸eSt~hNµwhD,vx}©«Sh/ª·zyv~}y}t5Sy0Q«Sh5ª·|yb&v~z|xZeS}0hDt6ª¯y}©v~h.h0h0gih0yZvt/y*v~hDtv5ª·zyv~}yt S thDh.psh],vx}©Sy=mµbhD©&¸ T¶d.e}t5|xµh0gg#QrµBht~«h]µsrtvxy|xISuv~}gi}©²]&vx}©SyW|x}©v~eg#tD¶aÇ°«&zv~}yhD«h0|xrt~D||xuuzv 〈z | Sδw〉hDSt v~#=yhD¸ Suv~}g#KSyZv~|x1|xµh0g t}yh
〈z | Sδw〉 = max z(x(0)) +
∫ δ
0
`(x(s),u(s))ds + w(x(δ)) ,
¸eh0|xhvxeh³g#&u}g:zgo}t§v®Sh0yV&«hD|mvxeh³t~hv*ª v~|&wh],vx|x}©h]t (
x(·),u(·)
) tx&vx}tª·rs}©y S ÈDµT¶d.e}t|~Sµ©hDg}t
t}gi©hD|













h]Zz&vx}©Sy S JT.t~zShDtvxt¼v~³|xQu}©g#&vxh Sδw µZr³v~eh§ª·zyb,v~}y [Sδw]H t~zev~ev
[Sδw]H (x) = w(x) + δH(x,∇w(x)),
ª·|©



























1 ≤ i ≤ py
1 ≤ j ≤ q ½µsrBÁ
(KH,h)ji = sup
x∈X













(K̃H,h)ji = 〈zj | wi〉 + δ sup
x∈arg max{zj+wi}
H(x,∇wi(x)) , S SJT
ÓÓ(Û3Vì,îíXW
ÈD   13 3 	 
 4"3
ª·S|
1 ≤ i ≤ p y 1 ≤ j ≤ q ¶ Åh0|xh½ argmax{zj + wi} uhDyvxhDtivxehWth0v³ª x tze vxe&v
zj(x) + wi(x) = 〈zj | wi〉






g:ztv¼µBh¾}±»´h0|xh0yZv~}µ©hª·S|Nvxehm|xQu}©g#&vx}©Sy S T5v~g#®hmthDythS¶ ¦ eh0y wi}t.ySyu¨E}±»´h0|xh0yZv~}µ©hS½uµzuv
zj





(zj(x) + δH(x,−∇zj(x)) + wi(x)) .
¦ h
g#Qrt~zt~h¾v~eh*z1ª·S|~gz:ª S T,½¸ehD|~h ∇wi(x) }t.|~hDh]µsr −∇zj(x) ¶
  & !: 



























µt , S µUT
ª·S|
t = 0, δ, . . . , T − δ ¶9d.e}t³0y^µBhÄSgi|xhD^¸}±vxe v~ehW}g=}©vDt~hª¾Sz|i¯y}©v~hÄh0h0gih0yZvgih0v~eu1½´}yW¸e}eIv~eh=tbhª5v~h]twv¾ª·zyv~}yt Zh }tav~eh=th0vmªN)ª·zyb,v~}ybt0¶¾d.e}tm}©gi}©v§Dt~h0|x|~h]tBybt°vx#|~hD}y
Z∗h
µZr³v~eh
}uh0yZvx}±vwr³SbhD|xv~S| }y S ÈQJT½t=vxe&v
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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   	/ S JT 
 (λt)   !#
	+
  " &5C 




"4$ !#    C
 S T 3$ 
 vt $J
"3733  & M 
 1"3    t   #
-
Whµ
t ≤Whλt ≤ vt ,
ª·|
t = 0, δ, . . . , T . S SJT
 "4" &  ¦ h







































µ0 = λ0 = Wh\Φ
¶
puzBSt~hmvxe&v




























= max{λ ∈ Rpmax | Whλ ≤ SδWhλt} ,
¸ hh0v#v~ev
µt+δ ≤ λt+δ ¶ d.ehDy µt ≤ λt ª·S| t = 0, δ, ..., T ¶ ps}yh Wh }t#giyv~Syh½¼¸¼hhDuz0h S T,¶
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¿­yvxeh
th]Szh0K¸ h
uh0yv~h§µsr ‖v‖∞ = supi∈I |v(i)| ∈ R ∪ {+∞}
v~eh*t~zu¨EyS|~g ª5yZriª·zy,vx}©Sy





Φ : RI → RJ }t§tx}Igiyv~SyhyWeSgihDyh0Szt}©ª¼}©v§}tgiSyvxyh§ª·S|v~eh:y&vxz|x1|uh0|y}©ª6ª·S|a
u ∈ RI yb λ ∈ R ½ Φ(u+ λ) = Φ(u) + λ ¸}±vxe





















uDz|xh0y0h§ª/=v~h0|xgªvxeh§ª·|xg ‖u− v‖∞ µsr d∞(u, v) = inf{λ ≥ 0 | −λ+ v ≤ u ≤ λ + v} ¶ÃmµbthD|~«Shvxe&v
d∞(u, v)
}t`thDgi}u}tvxybhÄy v~ev
d∞(u, v) = ‖u − v‖∞
½}±ª
u − v vx®ShDt¯by}±vxhI«&zhDtD¶ ÃmµbthD|~«Sht~ vxe&v#}©ª§<g#
Φ : R
I → RJ }tigiSyvxyhIyb eSgihDyh0SztD½
d∞(Φ(u),Φ(v)) ≤ d∞(u, v)
½ª·|
u, v ∈ RI ¶
ÓÓ(Û3Vì,îíXW
È]   13 3 	 
 4"3
d.ehª·&¸}©y©hDgigit~e&¸tvxe&v¾v~ehihD|~|x|mª/v~eh=}uh]6gis¨ zta¯y}©v~hih0h0gihDySv¾gihv~es
}tiSySvx|~S©hDVµsrVvxeh|~whDv~}y`hD|~|x|t ‖ΠZ∗hWh(vt) − vt‖∞
¶ d.e}th0gig# giQrVµBhvxezeZv=ª
St
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‖vTh − vT ‖∞ ≤ ‖ΠWh(v








(vt) − vt‖∞ . S T
 "4" &  Æ|© t ∈ τ−δ ½¸ h¾ebQ«h
‖vt+δh − vt+δ‖∞ ≤ ‖vt+δh − Sδh(vt)‖∞ + ‖Sδh(vt) − vt+δ‖∞
≤ ‖Sδh(vth) − Sδh(vt)‖∞ + ‖Π
Z∗h
Wh





‖vt+δh − vt+δ‖∞ ≤ ‖vth − vt‖∞ + ‖Π
Z∗h
Wh
























(vt) − vt‖∞ = ‖ΠWh ◦ Π
Z∗h(vt) − vt‖∞
≤ ‖ΠWh ◦ Π
Z∗h(vt) − ΠWh(v
t)‖∞ + ‖ΠWh(v








(vt) − vt‖∞ ≤ ‖ΠZ
∗
h(vt) − vt‖∞ + ‖ΠWh(v
t) − vt‖∞ . S S T
kmt}y=v~e}t}yh]Szb}±vwr#vxShv~eh0|¸}©v~eIÂKhDg=g#iu½¸ h
uhDzh§vxeh§ª·©&¸}yiS|~S©|xr¶
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K̃h   3












 "4" &  pu}©y0h vth }t.Sg=zuv~h]³¸}©v~ev~eh
|~Qu}g#&v~}y K̃h ª Kh ½u¸¼h¾eQ«h vth = Whλt ½ t ∈ τ̄δ ½¸}©v~e
λt+δ = M ]h ◦ (K̃hλt) = W
]
h ◦ (Z∗h)] ◦ (K̃hλt) .¦ h
eQ«Sh
‖vt+δh − vt+δ‖∞ ≤ ‖vt+δh − Sδhvth‖∞ + ‖Sδhvth − Sδhvt‖∞ + ‖Sδhvt − vt+δ‖∞
≤ ‖ΠWh ◦ (Z
∗
h)
] ◦ (K̃hλt) − ΠWh ◦ (Z
∗
h)
] ◦ Z∗h ◦ SδWhλt‖∞











|(K̃h)ji − (Kh)ji| + ‖vth − vt‖∞ + ‖Π
Z∗h
Wh
(vt+δ) − vt+δ‖∞ .
¦ h*uh]uzh¾vxe&v
‖vTh − vT ‖∞ ≤ ‖ΠWh(v
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‖KH,h −Kh‖∞ ≤ ‖[SδWh]H − SδWh‖∞
= max
1≤i≤p
‖[Sδwi]H − Sδwi‖∞ , S T
¸e}eh0yt.v~eh
|~sªw¶
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 # S JT    #$C











‖[Sδwi]H − Sδwi‖∞ + ‖K̃H,h −KH,h‖∞
)
.
 "4" &  ¦ h
zt~h
ÂKh0gig#ÈÈ½v~Shvxeh0|¸}©v~eÇNZzv~}y S KT.y
‖K̃H,h −Kh‖∞ ≤ ‖K̃H,h −KH,h‖∞ + ‖KH,h −Kh‖∞ .








 X" 3 	 }©ª
f(x)+ c2‖x‖22








 X"   36}©ª −f }t c ¨­thDg=}Sys«h1¶pu0hDtª)thDgi}0ys«h0:ª·zyv~}yt¼¸ h0|xha}ySvxh0yt~}«h0r=zth]#}y#v~eh¾g#&s¨E©zbt°µSth]#|xQu}©g#v~}yigihv~es
ª5Æ6h0gi}yybIlWÇ°yhDyh0r * Æ5lW$. ½BthDh*t3* lWÅm/.E½;* lWÅaS.E½;* lWÇ¼S.E½ * lW0ÇN/.E½;* lW0ÇN. ½
* Æs6.E½<* P m¿w. ½"* P ¾Æ6S/.E¶
¦ h*teb1zth§vxeh§ª·&¸}©y¯y}©v~h
hD©hDgih0yZvxtD¶
 Ê > * ,·¡%, Î * '@ 
P1
> * ,·¡ ÊÊ  Ê 





























|xhDt~BhD,v.vx ‖ · ‖1 ¶
 Ê > * ,·¡%, Î * '#L 
P2
> * ,·¡ ÊÊ  Ê 
 Ê * ¡D 
 .¦ h¾D
P2
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¶°d.eh " " "3 
sª/B}yZv
p ∈ P }th¯yh]µZr
V (p) = {x ∈ Rn | ‖x− p‖2 ≤ ‖x− q‖2, ∀q ∈ P}.
d.ehmª gi}©r {V (p)}p∈P Sytwvx}±vxzuv~h]titzµBu}«s}t~yª Rn ½u¸e}e}tD©h] /S|~Sy}Bv~h]t~t~h0&vx}©SyS thDhE*ãpukm/.5ª·|
yÄ}ySvx|~uuzb,v~}yWv~ /|xyS})vxhDtxthDv~}yt T,¶ ¦ hih¯yh !#+ +   
 1"3 " & V (p)"
X
v~#µBhÁ























{p1, · · · , p10}
½
VX (P9)
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X
    "3 
  "3ACX	  +
+ " &
R
n   +
v : X → R X c  
+  "3ACX	  $0  U	  @ "3 " & M'+ 1"3 )  #  @ "3 3U Lv!1    + " !#
+ 1$ 3 "$    
 vc(x) = v(x) + c2‖x‖22   + X̂ = X + B2(0, Lvc )  +
X̂h
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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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
 "%$3M " & RXmax K+#X3X$	!# &+3  
(wx̂h)x̂h∈X̂h
 #X
wx̂h(x) = − c2‖x− x̂h‖22 
 #

‖v − PWhv‖∞ ≤ c diamXρX̂(X̂h)
 "4" &  Â)hv W h0yv~h/vxeh 0gihvxh¼t~zµt~h0gi}©giuuzhNª RXmax hDyh0|&vxhD§µsrmv~eh¼ª gi}©r (wx̂)x̂∈X̂ ¶¦ h=¸}©6¯|xtvm|~&«Sh
v~evmª·S|¾©
x ∈ X ½ PWv(x) = v(x) ¶
¿Ev§}tmSµs«Z}zbtv~eb&v ∀x ∈ X ½ v(x) ≥
PWv(x)
¶Nkat~}©yiv~ev





















‖x‖22 + cx̂ · x− sup
y∈X
(























c (x) = sup
θ∈Rn
(


















v∗c (θ) = θ · x− vc(x)













∂vc(x) ⊂ B2(cx, Lv)
ª·|a©








gih0g:µBh0|t.ª6ÇNZz&vx}©Sy S T½u¸ h§eQ«h¾v~eh





















x ∈ X ¶ja&¸
½¯
x ∈ X ¶6Æ| x̂ ∈ X̂ ½s¸ hmt~hv ϕ(x̂) = cx̂ ·x− v∗c (cx̂)
¶°ps}yh














ϕ(x̂) − ϕ(x̂h) .
¦ h#eQ«Sh


















= c diamXρX̂(X̂h) .
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n   + v : X → R  B  =3
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 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P1
 U  +++U1
(zx̂)x̂∈X̂
 +U 	  $  !#F#"   " &
X̂
 X" # 3
a ≥ Lv   #

‖v − P−(ZX̂)v‖∞ ≤ n(a+ Lv)ρX (X̂).




P−(ZX̂)v(x) − v(x) = inf
x̂∈X̂
(
a‖x− x̂‖1 + sup
y∈X
(





x ∈ X ¶°ps}©ybh v }t Lv ¨­ÂK}t~e}±vx²§0yZv~}yszzbt0½u¸ h§eQ«h
P−(ZX̂)v(x) − v(x) ≤ inf
x̂∈X̂
(
a‖x− x̂‖1 + sup
y∈X
(






a‖x− x̂‖1 + sup
y∈X
(






a‖x− x̂‖1 + sup
y∈X
(







(a+ Lv)‖x− x̂‖1 + sup
y∈X













‖x− x̂‖1 ≤ n(a+ Lv)ρX(X̂) .
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d tvx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‖f(x, u) − f(y, u)‖2 ≤ Lf‖x− y‖2 ∀x, y ∈ X,u ∈ U,
‖f(x, u)‖2 ≤Mf , ∀x ∈ X,u ∈ U .
¨
(H2) ` : X ×U → R }t.µBzyhDyÂK}txe}©v~²






|`(x, u) − `(y, u)| ≤ L`‖x− y‖2 ∀x, y ∈ X,u ∈ U,
|`(x, u)| ≤M`, ∀x ∈ X,u ∈ U .
L  -  '  5H5¢ Î = , 
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w : x→ R      3 w   C1 "   
>%X"$ #"%"4$ " & X ;  #  X"  "   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   
K1 > 0
 X !#3 ‖[Sδw]H − Sδw‖∞ ≤ K1δ2 A&+" δ > 0   #	  [Sδw]H   J=3+	 S KT 
 "4" &  ¦ h§¯|twvt~e&¸ vxe&vvxeh0|xh§hu}twvt K1 > 0 t~zevxe&v
[Sδw]H (x) − Sδw(x) ≥ −K1δ2, ∀x ∈ X .
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w(x + δf(x, u)) ≥ w(x) + δ∇w(x) · f(x, u) − c1
2
M2f δ
2 . S T
¦ h*uh]uzh¾ª·|xg S È%T,½ S S T.y S T
(Sδw)(x) ≥ −
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x ∈ X y ª·|°gihDt~z|µh=ª·zyv~}yt
u : [0, δ] → U ½°uh0¯yh xu,x vxÄµBh³vxehvx|xwhDv~|xr t~zeVvxe&v ẋu,x(s) = f(xu,x(s),u(s)) y
xu,x(0) = x
¶pu}©y0h
`(x, u) ≤ H(x, p) − p · f(x, u) ½)ª·S|© p ∈ Rn ½ x ∈ X y u ∈ U ½6¸¼h
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 -  .  5H5¢ Î = , 
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ϕ : X → R  $5 U	XM= "3U U"3 & M'+ 1"3 ψ : X → R   U	XM=% "3   
Lψ
3    +  " "  ‖ · ‖  
 "$ ε ≥ 0   $1 
Fε = {x ∈ X | ϕ(x) ≥ sup
x′∈X
ϕ(x′) − ε}, S SKT
g(ε) = sup
x∈Fε

























M = supx∈X ψ(x) − infx∈X ψ(x) 








ϕ(x) + δ sup
x∈F0
























ε = δ(supx∈X ψ(x)− infx∈X ψ(x)) = Mδ S ¸e}e}tN¯by}±vxh




































ϕ(x) + δ sup
x∈Fε
ψ(x) . S ST
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 1" 
ϕ : X → R ! "%$3M c > 0  $68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U	    "3U U"37& M 
 1"3
ψ : X → R !?  U	    "3    Lψ   + 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x0 ∈ X
















M = supx∈X ψ(x) − infx∈X ψ(x) 
 "4" &  mh¯byh Φ(x) = ϕ(x0)−ϕ(x) ª·| x ∈ X yb Φ(x) = +∞ h0thD¸eh0|xh¶ ¦ heQ«h Φ(x) ≥ 0ª·S|°





d.eh0yK½´zt~}yd.eh0|xh0g ¶È¶ã#ª* ÅakaÂ½ P¼ebuvxh0| a¿ .
¸ h§eQ«hmª·|©
x, x′ ∈ X
Φ(x) ≥ Φ(x′) + 〈s | x− x′〉 + c
2












ϕ(x) ≤ ϕ(x0) −
c
2
‖x− x0‖22 ∀x ∈ X .










supx∈X ψ(x) − infx∈X ψ(x)
) ¶
Ê 


















x ∈ X ½ |ψ(x)| ≤ Mf‖∇w‖∞ + M` ½1¸eh0|xh ‖∇w‖∞ =
‖‖∇w‖2‖∞
y ∇w = (∇wi)1≤i≤p ¶ ¦ h*uhDzh
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∆x = max(ρX(T ), ρX̂(T̂ )).
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ŷ
" & T  
 "$ t = 0, δ, . . . , T 
 vth   !# J' "









	 S uÈCT   +!#	  X	  1E " #    C1 > 0  X 3





 !# X  "4	  1"  KH,h  C    $0# K̃H,h  J=C
 	 S  T# !  	
3     " + 







"3 "3   
C2 > 0 
 "4" &  Â)hv Wh y Zh uhDyvxhavxeh




|xhDt~bh],vx}©«Sh0r¶ ¦ h³}©ybuh v~eh³hD©hDgih0yZvxt§ª T̂ y T µsr x̂1, · · · , x̂p yb
ŷ1, · · · , ŷq
|~h]tBhDv~}«h0r¶/kmt}y P¼|x|~rÈQs½¸ h¾ebQ«h





















½ ‖PWh(vt) − vt‖∞ ≤ c diamX∆x
¶  rZ}yÄÂ)h0gig#`È&¸ h³µuv}yK½6ª·|
t ∈ τ̄δ
½ ‖P−Zh(vt) − vt‖∞ ≤ n(a+ L)∆x ¶NÆ6}©yb©rS½uzt}y#ÂKhDgigiIÈDu½u¸ h
h0v





C1 > (T + 1) max
(
c diamX + n(a+ L),
1
2
(L`Mf + LfMf (diamX +
L
c




   13 3 	 
 4"3
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 È]Wvxh0v~ehD|i¸}±vxe¹h0g#|x® uÈ¶ kmt}y<v~eh
yvxv~}y#ªHP¼|x|~r*yb=v~ehaª ,v¼v~ev
ϕ = wi + zj
}tN¨Etv~|xyrSys«h1½S¸¼hebQ«h
supψ−
inf ψ ≤ 2(M`+Mfc(diamX+ Lc ))
y





|(K̃H,h)ji − (KH,h)ji| ≤ 2
(















i = 1, · · · , p yb j = 1, · · · , q ¶°ÅhDyhS½uv~eh0|xh¾h0u}tvxt C2 > 0 t~zev~ev
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Åah0y0h½b¸eh0y T y T̂ |xh
µBv~eÄ|~h],vxyz||x}tª°twvxh0 h ½¸ h*eQ«Sh ∆x ≤ √nh = O(h) }©yd.eh0|xh0gSs¶
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.hubhD|~}gih0yZvxti¸}©v~e vxehIlWÆ6ÇNl uhDtx|x}©µBhD^}y
puhD,vx}©Sy=¶ ¦ hSyt~}uhD|5uvx}©g#0yZv~|xs|xµ©hDgit5}yiu}©gihDyt}yÈyb=m¸eZth «&zh.ª·zyv~}yt
|~hN®Zy&¸y
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t~«s}©y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B5  Ê .@ .¦ haSyt~}uhD|/v~eha0Sth.¸ehD|~h
T = 1
½
φ ≡ 0 ½ X = [−1, 1] ½ U = [0, 1] ½ `(x, u) = xy




y v~Vgi&«hy^v~eh|x}©SeZvi¸}©v~e¹g#&u}g:zg tBh0h] S u∗ = 1 T¸eh0yhD«h0|















(Z∆x) ∩ [−2, 2] yb<Â)}©bt~e}©v~²=¯y}±vxh#h0h0gih0yZvxt zj ¸}©v~e`0ytvxySv a ≥ 1 0h0yZv~hD|~h] v
v~ehB}yZvxt¾ªNv~eh=|~hDz|¾|x}
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T
I =K£ 
B5  Ê .L ³¦ h 0yt~}uh0|v~ehV0SthW¸eh0|xh
T = 1
½
Φ ≡ 0 ½ X = [−1, 1] ½ U = [−1, 1] ½
`(x, u) = −3(1 − |x|) y f(x, u) = u(1 − |x|) ¶¿Ev:}t*hD|
v~ev ` y f |xhiµbSzyuh]4yÂ)}©bt~e}©v~²
0yZv~}yszzt ª·zy,vx}©Syt0¶¼d.eh
uvx}©g#Ke}h§}t.v~iv®h





t ∈ [0, T ] ½v~eh*«&zhª·zy,vx}©Sy}tDÁ























7.66 · 10−3 ¶
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Æ}z|~h§Á°lÄ&s¨ ©zt.|xQs}g#&vx}©Sy S Ç°ugi©h:S T
I =K£ 







`(x, u) = −1
2
(x2 + u2), f(x, u) = u,
yb
φ ≡ 0 .
d.ehÅmgi}±vxy}y^}t




x ∈ X ½svxeh
«&zh¾ª·zyv~}yI&vvx}©gih t }t






















(Z∆x) ∩ [−6, 6] ¶ ¦ h:|~hD|~h]thDyZv.}yWÆ6}©Sz|xh:=vxeh:t~zuv~}y}«hDyµZrz|m|x}©v~eg}yv~eh
}yZv~hD|~«&




4.54 · 10−5 ¶I =K£ 





φ ≡ 0 ½ X = [−1, 1] ½
U = [−1, 1] ½
`(x, u) =
{
−1 if x ∈ (−1, 1),




u if x ∈ (−1, 1),

















x ∈ X ½sv~eh
«&©zh¾ª·zyb,v~}yIvv~}g=h t ª6v~e}t|xµ©hDgº}t
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a ≥ 1 ½60h0yZv~hD|~h]<v
v~ehbS}©yZvxt:ª v~eh|~hDz|












1.05 · 10−2 ¶
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B5  Ê .UO    , * Ê £u¢   £Ï)¢&£u¡%, ¤ / ¢ Î 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 , * ÏH, 
 Ê *  %, Î * . 





φ ≡ 0 ½













f(x, u) = u .
Æ|
x ∈ X ½svxeh
«&zh¾ª·zy,vx}©Sytv vx}©gih t }t

























































−1.0 −0.8 −0.6 −0.4 −0.2 0.0 0.2 0.4 0.6 0.8
Æ6}©Sz|~h
Á°lW&s¨E©zbt |xQu}©g#&vx}©Syª6i}©yh]|Zz|xv~}¾0yZv~|x´|xµ©hDg S Ç/g=©h:JT
I =K£ 
B5  Ê .     ,  D¡D£ * ¤ Ê 5¢ Î  Ê 
 , * ÏH, 




φ ≡ 0 ½ X = [−1, 1]2 ½ U = [−1, 1]2 ½
`(x, u) =
{
−1 if x ∈ intX,
0 if x ∈ ∂X,
f(x, u) =
{
u if x ∈ intX,
0 if x ∈ ∂X.
Æ|
x ∈ X ½svxeh
«&zh¾ª·zy,vx}©SyI&vv~}gih t }t
v(x, t) = max
(
















(Z∆x) ∩ [−1, 1]
























X = B2(0, 1)
½
U = {0} ½ φ(x) = − 12x21− 32x22
½
`(x, u) = 0
y
f(x, u) = (−x2, x1)
¶6Æ|
x ∈ X ½
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v(x, t) = −1
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(Z∆x) ∩ [−2, 2]
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φ(x) = −x21 − 2x22
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(Z∆x) ∩ [−2, 2]
)2 y (
(Z∆x) ∩ [−11, 11]
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